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It is shown that in general case the spectral energy density of equilibrium radiation
in transparent plasma should be calculated as the limit of non-transparent plasma
with infinitesimal dissipation and plasma damping. For non-relativistic plasma, this
limit coincides with well known Brillouin approximation. For relativistic case, the
obtained result has different form. The general relation for the equilibrium radiation
in transparent plasma is found.
For the spectral energy distribution of equilibrium radiation (SEDER) the Planck
distribution [1] is valid
eP (ω) ≡
dE(ω)
dω
=
V h¯
pi2c3
ω3
exp(h¯ω/T )− 1
, (1)
This distribution is usually associated with the consideration of a macroscopic body in
thermal equilibrium with surrounding "black" radiation (see [2,3] for more detail and
references therein). In (1) V is the volume in which radiation is enclosed, T is the temperature
of the medium (in energy units) surrounding this volume, and c is the speed of light in
vacuum.
However, the presence of at least a small amount of matter is necessary for the possibility
of obtaining equilibrium radiation, since the direct interaction between photons is negligible
[4].
In the presence of a substance, the corresponding result differs from the Planck
distribution, which corresponds to an ideal photon gas. The corresponding results have
2been found in [5-9] for transparent plasma. The obtained results coincide with the known
Brillouin limit (see, e.g., [4]) in the case of non-relativistic plasma. The attempts to find the
SEDER for dissipative non-transparent plasma with spatial dispersion have been done in a
few papers [10-13] on the basis of various approximations and with different results.
Recently, the general formula for the SEDER in dissipative plasma, which takes into
account the appropriate terms in the Hamiltonian, considering interacted charged particles
and photons (quantum electrodynamics (QED) approach) has been found [14]:
e(ω) = V
h¯ω2ω2p
pi3
coth
(
h¯ω
2T
)
×
∫
∞
0
dkk2
(
1 +
c2k2
ω2p
)
Imεtr(k, ω)
(ω2Reεtr(k, ω)− c2k2)2 + ω4(Imεtr(k, ω))2
. (2)
Here εtr(k, ω) is the explicit frequency and spatial dependent transverse dielectric
permittivity (DP) of plasma medium accounted, in the most general case, all correlations
between charged particles.
If we subtract zero fluctuations using the identity coth(h¯ω/2T ) = 1+2[exp(h¯ω)/T −1]−1
we arrive at the SEDER which generalizes the Planck distribution in the presence of plasma
e(ω) = 2V
h¯ω2ω2p
pi3
1
exp(h¯ω)/T − 1
×
∫
∞
0
dkk2
(
1 +
c2k2
ω2p
)
Imεtr(k, ω)
(ω2Reεtr(k, ω)− c2k2)2 + ω4(Imεtr(k, ω))2
. (3)
This result is the sum of two terms in the total system energy
E = E1 + E2 = 2V
∫
d3kh¯ωkf(k) + 2V
∫
d3k
(2pi)3
h¯ω2p
ωk
f(k), (4)
where ωk = ck and ωp =
√∑
a ω
2
pa is the full plasma frequency for the system of charges (a
is the index of species).
It should be emphasized that only the first term in (3) has been considered in all previous
attempts to find the SEDER both in the case of transparent plasma [5-9]) and in the case
of dissipative plasma [9], [10],[12], where the spatial dispersion has been partially included.
It is worth noting that calculation of the first term in (4) was carried out in [5-9] under
assumption that ωk equals to the appropriate quasiparticle spectrum, instead the equality
ωk = ck which is present in the explicit term of the QED Hamiltonian, used in [14] to obtain
relation (2).
3The inclusion of dissipation and spatial dispersion in the SEDER requires the use of the
equality (see, e.g., [11],[15])
f(k) +
1
2
=
kc
pi
∫
∞
0
dω coth
(
h¯ω
2T
)
ω2Imεtr(k, ω)
| εtr(k, ω)ω2 − k2c2 |2
, (5)
where εtr(k, ω) is the transverse dielectric permittivity of plasma, which takes into account
both the frequency and spatial dispersion. Equation (4) and representation (5) give the
equalities (2) and (3), according to the definition
E ≡
∫
∞
0
dωe(ω). (6)
Let us consider Eq. (3) in the limit of transparent plasma, when the imagine part of the
DP Imεtr(k, ω)→ +0. In this limit the δ-function with the real part of the DP Reεtr(k, ω)
δ[ω2Reεtr(k, ω)− c2k2] (7)
arises under the integral. Below we consider the simplest case of transparent plasma, when
Reεtr(k, ω) = Reε(ω) ≡ ε0(ω) and integration in (3) can be immediately fulfilled and for the
SEDER in transparent plasma etrans(ω) we arrive at the result
etrans(ω) =
h¯ω3
pi2c3
1
exp(h¯ω/T )− 1
√
ε0(ω)
(
ω2p
ω2
+ ε0(ω)
)
ϑ(ε0(ω)), (8)
where ϑ(x) is the Heaviside function.
Let us consider the particular cases of the general relation for transparent plasma (8).
In the limit ωp → 0 the dielectric permittivity ε0(ω) → 1 and we arrive to the Planck
distribution.
For non-relativistic classical plasma ε0(ω) ≡ ε
non−rel
0 = 1 − (ω
2
p/ω
2), substituting this
expression to (8), we obtain the classical result
etrans(ω) =
h¯ω3
pi2c3
1
exp(h¯ω/T )− 1
√
1−
ω2p
ω2
ϑ(ω − ωp), (9)
which coincides with the result, following from the Brillouin-type relation [16] for the
transparent medium (see also [5-9])
eBrill(ω) =
h¯ω3
pi2c3
1
exp(h¯ω/T )− 1
√
ε0(ω)
(
ε0(ω) +
ω
2
∂ε0(ω)
∂ω
)
ϑ(ε0(ω)), (10)
where we use for ε0(ω) the expression ε
non−rel
0 (ω) = 1 − (ω
2
p/ω
2). However, in general case
of transparent plasma Eqs. (8) and (10) are not identical. This means that the correct
4form of the SEDER for transparent plasma should be obtained as a limit of the SEDER of
non-transparent plasma (3).
For the general case of relativistic transparent plasma the DP has the form ε0(ω) ≡
εrel(ω) = 1− (ω
2
rel/ω
2), where ωrel equals [17]
ω2rel =
∑
a
ω2ul−rel,aK
−1
2 (
mac
2
T
)
∫
∞
1
dz
z2
K2(
mac
2
T
z), (11)
Here K2(z) is the Macdonald function.
In the relativistic case the SEDER erel(ω) essentially depends on both characteristic
frequencies ωp and ωrel
erel(ω) =
h¯ω3
pi2c3
√
1− (ω2rel/ω
2)
exp(h¯ω/T )− 1
(
1 +
ω2p
ω2
−
ω2rel
ω2
)
ϑ(ω − ωrel). (12)
For non-relativistic case this expression transfer to Eq. (9), since ω2rel → ω
2
p when mec
2 ≫ T .
For transparent ultrarelativistic (T ≫ mac
2) isothermal plasma the dielectric permittivity
reads ε0(ω) ≡ ε
rel
0 = 1 − (ω
2
ul−rel/ω
2), where the frequency ω2ul−rel =
∑
a ω
2
ul−rel,a and
ω2ul−rel,a = (4pie
2
anac
2)/3T ≡ ω2pamac
2/3T ≪ ω2pa [17]. Substitution of this function to general
relation for the SEDER of transparent plasma (8) one can find
eul−rel(ω) =
h¯ω3
pi2c3
1
exp(h¯ω/T )− 1
(
1−
ω2ul−rel
ω2
)1/2(
1 +
ω2p
ω2
)
ϑ(ω − ωul−rel). (13)
In (13) we took into account that ωp ≫ ωul−rel in the ultrarelativistic case. For the range
of frequencies ωp ≥ ω ≥ ωul−rel this result differs essentially from that, following from the
Brillouin-type relation. The latter one corresponds to the same type expression as (9) with
the replacement the frequency ωp on ωul−rel [5-7], [9].
The obtained results show the essential influence of plasma medium on the spectral
energy density of equilibrium radiation even in transparent plasma. The obtained results
can be essential for the Earth and cosmological applications. The detail consideration of
the influence of spatial dispersion and finite dissipation on the SEDER will be considered
separately.
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